Abstract. Let E and E ′ be elliptic curves with Hom(E, E ′ ) = Z. We parameterize the Néron-Severi group of A = E × E ′ in terms of binary quadratic forms. As an application, we determine whether A contains a smooth curve of any fixed genus and whether A admits a very ample line bundle of any fixed degree. In particular, we determine which of these abelian surfaces embed in P 4 , i.e. which come from the Horrocks-Mumford bundle.
Introduction
Let A be an abelian surface over an algebraically closed field k of characteristic 0. A polarization L on A is the class in NS(A) = Pic(A)/Pic 0 (A) of an ample line bundle.
We say L is smooth if it is represented by O(C) for some smooth curve C, necessarily of genus d + 1. We say L is very ample if it is represented by a very ample line bundle.
ques1 Question 1. Given an abelian surface A and an integer d ≥ 1, does there exist a smooth (resp. very ample) polarization on A of degree d?
The main tool available to determine whether a given polarization L is smooth or very ample is the following marvelous result due mostly to Reider (see Section prelims 2).
reid Theorem 1.1 (Reider,
BL [BL]). Let L ∈ NS(A) be ample. Then L is smooth if and only if L.E > 1 for all elliptic curves E ⊂ A. If d = deg(L) ≥ 5 and L is indivisible in NS(A), then L is very ample if and only if L.E > 2 for all elliptic curves E ⊂ A.
Remark Note that if L.E = 1, then L cannot be smooth because any smooth C ∈ |L| admits a degree 1 map to the elliptic curve A/E. Hence C is an elliptic curve, and L is not ample. Similarly, if L.E ≤ 2, then L| E is not very ample, and so neither is L. The content of the theorem is that the converse statements are true as well. Note also that if L is very ample, then L is smooth by Bertini's theorem. Remark A very ample L ∈ Pic(A) has degree d ≥ 5. Indeed, d = h 0 (A, L) and A cannot embed in P 3 , since H 1 (A, Z) = 0.
1
In the case A = E × E ′ with E and E ′ not isogenous (equivalently, ρ(A) = 2), NS(A) is generated by the horizontal and vertical divisors, and up to translation these are the only elliptic curves on A. It is straightforward to answer Question ques1 1 in this case, and this is done in Section picrank2 3. The case A = E × E ′ with E isogenous to E ′ is more difficult because ρ(A) ≥ 3 and there are infinitely many elliptic curves on A. If End(E) = End(E ′ ) = Z, then NS(A) is freely generated by the horizontal axis, the vertical axis, and the graph of a minimal isogeny λ : E → E ′ . The integer m := deg(λ) is independent of the choice of product structure on A, and (following Kani) we refer to A as an abelian surface of type m. If A, B are abelian surfaces of Picard number 3 and the same type m, then there is an isomorphism NS(A) ∼ = NS(B) preserving the intersection pairing (see Section param 4). By Reider's Theorem reid 1.1, the answer to Question ques1 1 depends only on the intersection pairing on NS(A), so the answers for A and B will be the same.
For a fixed positive integer m, let A m = E × E ′ be a product surface of Picard number 3 and type m. We associate with L ∈ NS(A) the quadratic form
The corresponding bilinear form is integer valued, and degenerate over Z/mZ. The group Hom(E, A m ) has rank 2, and with respect to an appropriately chosen basis the quadratic form q L has matrix matql matql (1.1) ma mb mb c : a, b, c ∈ Z.
In fact, L → q L gives a bijection
where V m is the space of all integral quadratic forms of the shape ( matql 1.1). This bijection has the following properties:
(1) If L ∈ NS(A m ) is ample, then q L is positive definite.
(2) If L has degree d, then q L has discriminant −4md.
(3) Φ is equivariant for the action of Aut(A m ) ∼ = Γ 0 (m) on both sides. (4) If F is the image of a map f : E → A m , then
Suppose now that L ∈ NS(A m ) has degree d, and for simplicity assume that d is a prime not dividing m and that d ≡ 3 (mod 4). Property (4) implies that L.F = n for some elliptic curve F ⊂ A m isomorphic to E if and only if q L represents n. In particular, L.F = 1 for some F ∼ = E if and only if q L corresponds to the trivial class in the class group Pic(O −4md ) of quadratic forms of discriminant −4md. Similarly, L.F = 2 if and only if q L corresponds to the ideal class [p] of the prime p ⊂ O −4md above the rational prime 2. Note that [p] is 2-torsion under our simplifying assumptions. This indicates that the correspondence q → q L , together with Reider's theorem, could be used to determine the smooth and very ample line bundles on A.
One issue that arises is that q L does not detect in the same way intersections with elliptic curves F ⊂ A m not isomorphic to E. To account for this, we utilize certain Atkin-Lehner involutions w k : NS(A m ) → NS(A m ) for each divisor k|m such that (k, m/k) = 1. These involutions come via isogeny from other decompositions A m ∼ = F × F ′ , and they are not in general of the form α * : NS(A m ) → NS(A m ) for some α ∈ Aut(A m ). The w k form a group isomorphic to W m = (Z/2Z) ω(m) which acts on Aut(A m )\NS(A m ).
On the other hand, the group W m sits naturally inside Pic(O −4md ) [2] by genus theory, and therefore acts on the latter by translation. We show that the correspondence Φ is equivariant with respect to the actions of W m on both source and target. This allows us to conclude that L is not smooth if and only if q L lies in the subgroup W m . Similarly, L is not very ample if and only if q L lies in the possibly larger group Pic(O −4md ) [2] . For the general case (without the simplifying assumptions), see the results below.
In Section param 4 we analyze the bijection L → q L in detail. In particular, we explain the relationship between the Γ 0 (m)-equivalence classes of quadratic forms in V m with the usual class groups of quadratic forms (Proposition 1.2. Results. We answer Question 1.1 for product abelian surfaces A/k which are not isogenous to a self-product of a CM elliptic curve. Recall that we assume k =k has characteristic 0.
2 Our first result (which is proven in Theorem Next suppose E and E ′ are isogenous with End(E) = Z, and that the minimal isogeny λ : E → E ′ has degree m ≥ 1. As before, we set A m = E × E ′ and let Pic(O N ) denote the group of isomorphism classes of integral quadratic forms of discriminant N . We prove the following result concerning smooth polarizations on the product surface A m :
smcurves Theorem 1.3. Let m, d ≥ 1. Then A m admits a smooth polarization of degree d if and only if md ≥ 2 and at least one of the following conditions is satisfied:
• md is odd or divisible by 8.
•
We also prove an analog of Theorem smcurves 1.3 for very ample polarizations. 2, 4, 6, 10, 12, 18, 22, 28, 30, 42, 58, 60, 70, 78, 102, 130, 190, 210, 330, 462 . 5. Finally, we write S * for the set of idoneal numbers. Then S * contains the set 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 15, 16, 18, 21, 22, 24, 25, 28, 30, 33, 37, 40, 42, 45, 48, 57, 58, 60, 70, 72, 78, 85, 88, 93, 102, 105, 112, 120, 130, 133, 165, 168, 177, 190, 210, 232, 240, 253, 273, 280, 312, 330, 345, 357, 385, 408, 462, 520, 760, 840, 1320, 1365, 1848 .} of known idoneal numbers, and S * = S assuming GRH wein [We] . Unconditionally, S * contains at most one extra squarefree integer N * not found in S. If N * exists and is odd then S * = S ∪ {N * }. If N * exists and is even, then S * = S ∪ {N * , 4N * } kani4 [K4, Cor. 23 1, 2, 3, 6, 8, 9, 12, 14, 17, 21, 24, 26, 33, 38, 42, 48, 56, 66, 69, 77, 104, 152, 168, 264, 273 
which has rank ρ(A) − 1. When A = A m , this quadratic space has rank 2 and discriminant −16m, as opposed to our quadratic space which has rank 2 and discriminant −4m. The connection between these two quadratic forms is as follows (to simplify things, assume m ≡ 3 (mod 4)). If e : Pic(O −16m ) → Pic(O −4m ) is the natural surjective map, then one can compute (see
Let us briefly hint at the moduli theoretic nature of this equality. Kani's form Q L does not depend on any choice of product decomposition A m ∼ = E × E ′ , whereas our quadratic form relies on such a choice. If
is independent of the choice of decomposition A m ∼ = E × E ′ . Kani's quadratic form Q L is natural when studying A m inside the larger moduli space of principally polarized abelian surfaces; indeed, the definition of Q L applies to any such surface. Our quadratic form q L only makes sense for split abelian surfaces, but is well suited for studying A m inside the 1-dimensional moduli space of (polarized) Abelian surfaces of type m.
Suppose now that ρ(E × E ′ ) = 4, i.e. that End(E) Q ∼ = End(E ′ ) Q is an imaginary quadratic field. For each L ∈ NS(A), we define as before a quadratic form q L : Hom(E, E × E ′ ) → Z, which now has rank 4. However, q L is not just a quadratic form, but also an O-hermitian module, where O is a certain order in the imaginary quadratic field End(E) Q = End(E ′ ) Q . Once again we can write down an Aut(A)-equivariant correspondence between NS(A) and a space of O-hermitian modules with certain properties. On the other hand, mimicking the correspondence between binary quadratic forms and ideal classes in imaginary quadratic rings, there is a correspondence between O-hermitian modules and ideal classes in definite quaternion algebras. This last correspondence has been studied before but not fully developed.
In future work, we plan to use both of these correspondences to answer Question ques1 1 for abelian surfaces of Picard number 4. In fact, we will show that the answer in the ρ = 4 case can be deduced from the results of this paper using specialization arguments, i.e. by working in positive characteristic and lifting polarizations. One again finds that almost all such abelian surfaces are Jacobians which contain smooth curves of every genus and very ample line bundles of every degree d ≥ 5.
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Preliminaries on abelian surfaces
prelims Let A be an abelian surface over an algebraically closed field k of characteristic 0. By definition, the Néron-Severi group of A is NS(A) = Pic(A)/Pic 0 (A). Concretely, NS(A) is isomorphic to the group of divisors on A, modulo the subgroup of divisors in the kernel of the intersection pairing
It is well known that NS(A) is a free abelian group of rank at most 4.
We often abuse notation and consider divisors and line bundles as elements of NS(A). In particular, if we are given an isomorphism φ : E × E ′ ∼ = A, with E, E ′ elliptic curves, then we write h and v for the classes of φ(E × {0}) and φ({0} × E ′ ) in NS(A). These are the horizontal and vertical axes with respect to the product decomposition φ, but φ will generally not be mentioned explicitly. Definition An ample line bundle L on A is smooth if |L| contains a smooth (connected) curve. A class M ∈ NS(A) is smooth if some line bundle L in the class of M is smooth.
globgen Lemma 2.1. If L ∈ Pic(A) is globally generated and ample, then L is smooth.
Proof. By Bertini's theorem, |L| contains a smooth but possibly reducible divisor D. We may write D = n i=1 C i with C i smooth curves and C i C j = 0 for i = j. If n = 1, then we are done. Otherwise, the C i must be elliptic curves, for higher genus smooth curves on A are automatically ample. But then C 2 i = 0 and so D 2 = 0, which contradicts the fact that L is ample.
Proof. See BL [BL, 4.3.3] .
The following result, describing the group NS(A) for a product surface, is well-known.
ns Proposition 2.3. If A = E × E ′ is a product of elliptic curves, then the map
crit Proposition 2.4. Let A be an abelian surface and suppose L ∈ Pic(A) is ample of type
Then the following are equivalent.
(1) L is not smooth.
(2) d 1 = 1 and there are elliptic curves E, E ′ and an isomorphism of polarized abelian varieties
where h and v are the natural horizontal and vertical divisors on E × E ′ . (3) There exists an elliptic curve E ⊂ A such that E.L = 1.
Proof. (2) clearly implies (3) and (3) implies (2) by BL [BL, 5.3.13] . (2) [BL, 11.8 .1] either the single curve C ∈ |L| is smooth or there is an isomorphism
is very ample if and only if there are no elliptic curves
Proof. See
The classes of elliptic curves in NS(A) can be described purely in terms of the intersection pairing:
kani3 Proposition 2.6 (
and L.H > 0 for some ample H ∈ NS(A).
A consequence of Proposition crit 2.4 and Theorem reider 2.5 is that being smooth or very ample is a numerical property for line bundles on an abelian surface. Moreover, Proposition kani3 2.6 shows that the smooth and very ample classes are in fact determined by the intersection pairing on NS(A).
The following is a more precise version of Reider's theorem for polarizations of odd degree.
ecisereider Theorem 2.7. Let A be an abelian surface and let L ∈ NS(A) be a polarization of odd degree d ≥ 5. If L is smooth and merely ample, then there exist elliptic curves E,
Conversely, suppose d ≥ 1, not necessarily odd. If E and F are elliptic curves and φ :
Proof. By Reider's theorem, L.E = 2 for some elliptic curve E ⊂ A. Let F be the complementary elliptic curve corresponding to E with respect to the polarization L (see BL [BL, §5.3] ) and write
and d is odd, this can only happen if µ is a map of the form
In that case, L = dh +ṽ with respect to the decomposition
and µ * L = 2dh + 2v, as claimed.
For the converse statement, we again set M = 2dh + 2v. We need to show that there exists L ∈ NS(B) such that π * L = M . This is the case if and only if ker π ⊂ K(M ) and ker π is isotropic for the Riemann form e M Mum [M, §23] .
,which contains the 2-torsion on E × F , the first condition is satisfied. To prove the second condition, we choose a basis P,
and compute
showing that ker µ is isotropic.
Remark For d odd, we can interpret Proposition 
Proof. The very ampleness statement follows from Theorem reider 2.5. Indeed, it suffices to show that f * L.E > 2 for any elliptic curve E on A. But f * E = nE ′ for some elliptic curve E ′ on B and so
as desired. A similar proof using Proposition crit 2.4 works for smoothness.
disjointEC Lemma 2.9. If A is an abelian surface and E, F ⊂ A elliptic curves subgroups, then E.F = 0 if and only if E = F .
unique Lemma 2.10. Let A be an abelian surface and
Proof. Suppose F ⊂ A is another such elliptic curve. By the Hodge index theorem, we have
In the following definitions the term 'polarizations' is used as an abbreviation for the phrase 'equivalence classes of polarizations'.
) is the number of smooth polarizations on A of degree d.
• N va (A, d) is the number of very ample polarizations on A of degree d.
Product abelian surfaces of Picard number 2 picrank2
Let E, E ′ be non-isogenous elliptic curves and set A = E ×E ′ . Then NS(A) = Zh+Zv, where h is the class of the horizontal divisor E ×0 and v is the class of the vertical divisor Proof. This follows from Proposition nakai 2.2.
Our next theorem computes
Theorem 3.2. If A is a product of two non-isogenous elliptic curves, then
Here, σ 0 (d) is the number of divisors of d. In this section we let E and E ′ be isogenous elliptic curves without CM and set A = E × E ′ . By Proposition ns 2.3, ρ(A) = 3. Let λ : E → E ′ be a cyclic isogeny satisfying ker λ ∼ = Z/mZ for some m ≥ 1. Thus Hom(E, E ′ ) is simply Zλ. Then NS(A) ∼ = Zh ⊕ Zv ⊕ Hom(E, E ′ ), with h and v the horizontal and vertical classes as before. The inverse isomorphism sends λ to
Proof. Note that Aut(A) ∼ = Z/2×Z/2 acts trivially on NS(A).
The class X λ is orthogonal to h and v and if
Remark One can define Xλ ∈ NS(A) analogously and we have Xλ = X λ . So this choice of basis does not favor E over E ′ . Note that the determinant of the intersection pairing on NS(A) is equal to 2m, so the integer m is an invariant of the surface and does not depend on the choice of decomposition of A m as a product of elliptic curves. We follow Kani and make the following definition. Definition An abelian surface A is said to be of type m if there is an isomorphism A ∼ = E × E ′ where E, E ′ are elliptic curves admitting a cyclic isogeny E → E ′ of degree m.
We denote by A m any abelian surface A = E × E ′ of type m and Picard number 3. This notation is convenient because we often consider abelian surfaces of different types at the same time. Moreover, all surfaces A m have isomorphic Néron-Severi groups (as quadratic spaces), so the numbers N * (A m , d) only depend on m and d, as the notation suggests. We will rarely consider two non-isomorphic surfaces of the same type at the same time, so this should not cause confusion. Now set A m = E × E ′ as before, and let L ≡ ah + bX λ + cv ∈ NS(A m ) be an arbitrary class. Proof. This follows from Proposition
Associated with the class L ≡ ah + bX λ + cv ∈ NS(A) is the quadratic form
Using the natural basis {(1, 0), (0, λ)} for
Note that the basis above is canonically (up to a choice of minimal isogeny λ) attached to the polarized abelian surface (A m , h + v), i.e. it is only canonical once a decomposition A m ∼ = E × E ′ has been chosen. Notation Let V m be the space of even integral binary quadratic forms q = [A, 2B, C] with A and B divisible by m.
The set V m has a natural action of Γ 0 (m) by linear transformation of variable. Here, Γ 0 (m) is the subgroup of GL 2 (Z) with lower left corner divisible by m. This action preserves the subsets
In this paper we think of q L as the quadratic form [am, −2bm, c]; in other words, we implicitly choose the above canonical basis for Hom(E, A m ), and write out the quadratic form q L as a quadratic polynomial in terms of this basis. We could be more abstract and avoid using bases altogether, but this mostly obfuscates matters. More to the point though, we cannot avoid choosing a product decomposition A m = E × E ′ , and once this decomposition is fixed, the basis above is natural.
(1) L is ample if and only if q L is positive definite.
As usual, we write [a, b, c] for the quadratic form ax 2 + bxy + cy 2 .
In particular, for any d ≥ 1 there is an induced bijection
where
Proof. The fact that L → q L is a bijection follows immediately from the explicit formula for q L . Property (1) follows from Lemma ample 4.1; (2) and (3) are simple computations.
The set Γ 0 (m)\V m,d can be understood in terms of the more familiar GL 2 (Z)-equivalence relation on quadratic forms. Before explaining this, we first describe the elliptic curves on A m and determine the different decompositions of A m as a product of elliptic curves. Such decompositions are in bijection with reducible principal polarizations, i.e. polarizations of the form F + F ′ for two elliptic curves F, F ′ ∈ NS(A m ) such that F.F ′ = 1.
For each k dividing m, let H k be the unique subgroup of ker(λ : E → E ′ ) of order k and set Proof. Any elliptic curve on A m is isogenous to E. It is therefore the image of a cyclic isogeny f x,y : E → A m = E × E ′ , where x and y are integers and where
The kernel of f x,y is H k , where k = gcd(x, m). The proves the first part of the proposition. For the second part, note that E 1 = E and E m = E ′ . The natural projections E k 1 → E k 2 for k 1 |k 2 form a lattice of isogenies corresponding to the lattice of divisors of m. As the number m is an invariant of the abelian surface, the only possible way to write A m ∼ = E k × E j for some j dividing m is if j = k ′ := m/k and (k, k ′ ) = 1. For if j = k ′ or (k, k ′ ) > 1, one checks (using dual isogenies if necessary) that E k and E j are connected by an isogeny of degree less than m.
The last thing to check is that A m really is isomorphic to the product of E k ×E k ′ when (k, k ′ ) = 1. One can write down an isomorphism explicitly as follows. Let λ k : E → E k = E/H k be the natural projection, and let µ k : E k → E ′ be the unique isogeny such that λ = µ k • λ k . Now let r and s be integers such that rk − sk ′ = 1 and consider the map φ :
One checks that if (P, Q) ∈ ker φ, then rkP =λ(Q) = sk ′ P . As rk − sk ′ = 1, P must be 0. But then Q is in the kernel of bothμ k andμ k ′ , and is therefore also 0. So φ is an isomorphism. Now we explain the connection with the more familiar class groups, but first some terminology. 
Remark Unless q is 2-torsion in the class group, we have Aut(q) = {±1}, which acts trivially. In this case, the size of the fibers of Ψ m,d is simply the index of Γ 0 (m) in Γ 0 (g ′ ). If q is 2-torsion, Aut(q)/{±1} has size 2 whenever q has discriminant D < −4.
Proof. It is not hard to see that Ψ m,d is surjective. For instance, if g = 1, then given a matrixprimitive quadratic form q of discriminant −4md, one can find a GL 2 (Z)-equivalent form in V m,d by moving the double root of q over Z/mZ to 0, at least if m is odd. If m is even then a little more care is required. First recall that in this case, q is automatically primitive. We can find an equivalent form with middle and outer coefficient divisible by m, but we need the middle coefficient divisible by 2m. This is automatic if m is not divisible by 4. Remark Here is a more geometric way to count the preimages of the map Ψ m,d above points where g > 1, which will be useful for us later on. If L ≡ ah + bX λ + cv and (c, m) = g, then we consider the g-isogeny
where E g is the elliptic curve from Proposition redpp 4.3 and λ g : E → E g is the natural isogeny. We choose the usual basis {h, X µg , v} for NS(A m/g ), where µ g : 
Note that h(−md) = 0 when md ≡ 1 (mod 4).
The bijection in Theorem 
Proof. Let E a,b be the image of f a,b : E → A m , as in the proof of Proposition redpp 4.3. Then E a,b is isomorphic to E k where k = gcd(a, m), and one computes .4 has an important extra equivariance property, which we elaborate on for the remainder of this section. For each k|m, we write k ′ for the complementary divisor m/k. If (k, k ′ ) = 1, we may consider the endomorphism
Note that we have implicitly chosen an isomorphism A m ∼ = E k × E k ′ , so the map ǫ k is not very well defined. In any case, it has degree k 2 and w k = 1 k (ǫ k ) * is an automorphism of the quadratic space NS(A). In fact, atkin atkin (4.1)
where h k , Xλ, v k is the standard basis on NS(E k × E k ′ ). Straightforward computations result in the following lemma, which highlight the connection between the collection of w k and the Atkin-Lehner involutions on X 0 (m). We write ω(m) for the number of primes dividing m.
Lemma 4.7. The w k commute with each other, and satisfy w 2 k = 1. Moreover, up to Aut(A m ), the automorphism w k : NS(A m ) → NS(A m ) is independent of the choice of decomposition A m = E × E ′ and the choice of isomorphism A m ∼ = E k × E k ′ above. The w k therefore define a canonical action of (Z/2Z) ω(m) on Aut(A m )\NS(A m ).
For each k|m and each L ∈ NS(A m ), define the quadratic form
trans Lemma 4.8. Let L ∈ NS(A m ) and suppose k|m and satisfies (k, k ′ ) = 1. Then q k w k (L) and q L are isomorphic quadratic forms.
Proof. This follows from ( atkin 4.1) and transport of structure.
Recall that for any quadratic discriminant D < 0, we may identify GL 2 (Z)\V 
and hence a surjective map
If q is a primitive quadratic form of discriminant D, then we write [q] for the corresponding class in Pic(O D ) or Cl(D). We warn the reader now that we tend to conflate Cl(D) and Pic(O D ) whenever there is no harm in doing so. Now suppose (k, k ′ ) = 1 and L ∈ NS(A m ) has degree d, for some squarefree d ≥ 1. We write g = gcd(k, d). For each k we have the primitive quadratic form 
If q L is merely matrix-primitive, then
We only prove the first equation, the proof of the second being similar. We first find a quadratic form representing e g (q L ). Note that (c, m) = 1, since q L = [am, −2bm, c] is primitive. Then as ac − mb 2 = d, we must have (c, g) = 1 and g|a. We claim that
This follows from the following lemma. Z. The latter is equivalent to the ideal
Z in Pic(O Dg 2 ). As I is the O D -ideal generated by I g , the lemma follows.
To prove the first equation in the proposition it now suffices to show that
in the class group. We prove this using the old-fashioned definition of Gauss composition. Actually, we will use Dirichlet's method of composition
where e = gcd(a, a ′ , (b + b ′ )/2) and B is an integer satisfying
In our case we have D = −4md/g 2 , e = k/g, and B = −2mb/g. Using this rule, we verify ( 
If L is merely matrix-primitive, then
Proof. Take L to be w k (L) in Lemma 
Cl(−4md)
Proof. This follows from the previous corollary. The condition on md guarantees that for any ample L of degree d, q L is primitive and not just matrix primitive and that the target of Ψ m,d is Cl(−4md) and not Cl(−4md) Cl(−md).
Remark When md ≡ 3 (mod 4), the square above still commutes if the top row is restricted to those L such that q L is primitive. If we restrict Ψ m,d to the q L which are merely matrix-primitive (so that the target of the vertical maps is actually Cl(−md)), then Ψ m,d is equivariant with respect to the [g k ] from Proposition 
Proof. This follows from Proposition 
, then the order of the product does not matter, giving half as many polarizations.
The corollary above simply counts the non-smooth polarizations. We can be more precise and identify the image of the non-smooth polarizations under the map Ψ m,d . Unless otherwise stated, we assume for the rest of the section that d is squarefree. 
and if m > 1, then
Here h + (D) = #Cl(D).
Restricting to primes d such that (m, d) = 1, we have the following more useful result. Proof. This follows from a simple computation using the previous corollary and the following classical fact 
We can now prove Theorem 
L are primitive, hence they cannot represent 1. Since E and E 2 = E ′ are the only elliptic curves on A 2 up to abstract isomorphism, this shows that L.F > 1 for any elliptic curve F on A 2 . So L is smooth and N sm (A 2 , 2) > 0. 
, which is the number of nonsmooth polarizations.
Below we give a sampling of some consequences of Corollary mainsmooth 1.5, which has now been proved. Note that some of these are conditional on GRH, but many of them are not. Using the tables of wat [Wa] and the technique of the previous proof, one can deduce much stronger unconditional results. We leave these to the interested reader. Proof. Recall that a primitive form [a, b, c] of discriminant D corresponds to the class of the ideal
in the quadratic ring of discriminant D. Moreover, conjugation of ideals induces inversion on the class group. As the ideal (a,
) is fixed by conjugation, it follows that the corresponding ideal classes are 2-torsion. 
Proof. See Proof. First we construct 2 ω(m) such line bundles. For each k|m such that (k, k ′ ) = 1, we choose an isomorphism
which is abstractly isomorphic to (Z/2Z) 2 . In fact,
, where Γ λ k is the graph of λ k . Since
Then by Theorem precisereider 2.7, there exists a merely ample
To prove that L k is smooth, we may assume k = 1 (we could always relabel the elliptic curves on A m ). If L k is not smooth, then there exists a decomposition
where h and v are axes with respect to this new decomposition. But then (dh + v.E) = 2, which forces E.h = 0 and hence F = E. Then q L = [dm, 0, 1] which does not represent 2, contradicting L.E = 2. This shows the existence of smooth but merely ample
Finally, we need to show that any smooth and merely ample line bundle M of degree d is Aut(A m )-equivalent to one of the L k . By Reider's theorem, M.F = 2 for some elliptic curve which is isomorphic to E k for some k|m. As q k M = [ak ′ , −2bm, ck] represents 2, we must have (k, k ′ ) ≤ 2. Since m is odd, this means (k, k ′ ) = 1 and again we may assume k = 1. Writing L for Proof. First assume that m ≡ 2 (mod 4). As L is merely ample, we have L.F = 1 or L.F = 2 for some elliptic curve F ⊂ A m . We may assume that L.F = 2 and we need to show that L.F ′ = 1 for some elliptic curve F ′ . F is isomorphic to E k for some k|m and q k L = [ak ′ , −2bm, ck] represents 2. This implies (k, k ′ ) = 1. Thus after reindexing the elliptic curves on A m , we may assume k = 1 and q L represents 2. As −4md is a fundamental discriminant, q L is primitive and we must have 
So there exists an elliptic curve
showing that L is not smooth. Now assume that m ≡ 4 (mod 8) and again suppose L.F = 2 for an elliptic curve F isomorphic to E k . As q k L = [ak ′ , −2bm, ck] represents 2 and a and c are odd (since ac = mb 2 + d), we must have (k, k ′ ) = 2 and q k L has content 2. After relabeling the elliptic curves, we may assume k = 2 and that Proof. First we construct, for each k|m such that (k, k ′ ) = 2, a smooth and merely ample line bundle L k such that L k .F = 2 for some elliptic curve F isomorphic to E k . Note that there are 2 ω(m) such divisors k and that the L k are not Aut(A m )-equivalent to one another by Lemma unique 2.10. It suffices to construct L k when k = 2, because we can always relabel the elliptic curves on A m .
To construct L 2 , we consider the following elliptic curves on A m = E × E ′ :
E 2 is the image of the map E → A m given by P → (2P, λ(P )), and F is the image of the map P → ( m 2 P, m 4 + 1 λ(P )). These two elliptic curves intersect in (E 2 .F ) = 4 points. In fact, the four points are given by (0, 0), (0, λ(R)), (S, 0) and (S, λ(R)), where S generates the order 2 subgroup H 2 of ker λ and S is any other order 2 point on E. We therefore have E 2 [2] = F [2]. Now consider the subtraction map µ :
On the other hand, L 2 is smooth. For if otherwise, then L 2 =h+dṽ with respect to some product decomposition of A m , and as (h + dṽ).E 2 = 2, we must haveṽ.E 2 = 0. This forcesṽ = E 2 , but E 2 is not a direct factor of A m as (2, m/2) > 1, so we have a contradiction.
It remains to show that any smooth and merely ample M on A m of degree d is Aut(A m )-equivalent to one of the L k . We have M.F = 2 for some elliptic curve F isomorphic to E k for some k|m. As q k M represents 2, we must have (k, k ′ ) = 2 and we may, as usual, assume k = 2. We now set L = L 2 and show that M and L are Aut(A m )-equivalent. If we write q 2 M = 2h(x, y) for a quadratic form h which represents 1, then h(2x, y) = q M . In particular, q M is primitive. By Lemma 6.6 and their proofs suggest that if L is merely ample, then Ψ m,d (L) is 2-torsion in its corresponding class group. We prove this next in certain cases. The proof is essentially the translation of the proofs above from the language of algebraic geometry to the language of quadratic forms via the correspondence of Theorem 
where g = (k, d). The class [g k ] is 2-torsion by Lemma Consider the following quadratic forms of discriminant 4D:
At least one of these is primitive, call it f k , and so it makes sense to consider the product
depending on whether we chose
is in the kernel of the natural map
which establishes the claim as ker(e 2 ) has size 2 by Lemma kernel 6.3. To see that [h k ] ∈ ker(e 2 ), note that
and use Lemma picardmap 4.10 and the fact that
(c) Subcase: m is even and d is a prime p which divides m. If (c, p) = 1, then q L is primitive and we can argue as in the previous case. So suppose p divides c, hence p divides k as well. The quadratic form q L has content p and we let q be the primitive form 1 p q L of discriminent −4m/p. As before, we have
in the class group Cl(−4m/p), where h k is either
whichever one is primitive. Assume for simplicity that the former is primitive (a similar argument holds if only the other is primitive). If we set z( 
md is odd. First note that md ≡ 1 (mod 4) in this case, for if md ≡ 3 (mod 4), then there are no primitive quadratic forms of discriminant −4md which represent 2. Since md ≡ 1 (mod 4), the prime 2 ramifies in the corresponding quadratic field. We conclude as before that [q k L ] is the 2-torsion class [2, 2, (1 + md)/2] and e g ([2, 2, 
.
Here, h 2 (d) is the number of 2-torsion classes. Notation We write H 2 (D) for the number of primitive integral symmetric bilinear forms of rank 2 and determinant D which correspond to 2-torsion classes of quadratic forms.
vacount Theorem 6.8. Suppose p ≥ 5 is prime and (m,
Proof. This follows from a simple computation using Propositions Proof of Theorem mainp 6.9. If (m, p) = 1, the theorem follows from Theorem vacount 6.8. Note that this is true even when mp ≡ 3 (mod 4) because if Cl(−4mp) is 2-torsion, then Cl(−mp), being a quotient of Cl(−4mp), is 2-torsion as well.
So assume now that d = p divides m. We will show that there is a very ample line bundle of degree p on A m . We proceed case-by-case and use the letters d and p interchangeably.
(1) Case: m is odd. The size of Γ 0 (m)\Γ 0 (m/p) is either p or p + 1, depending on whether p 2 |m or not. As q has even discriminant, Aut(q) has either 4 or 8 elements, but it acts on the coset space through a quotient of size at most 2. 
However the 2 ω(m) non-smooth L map to the even discriminant groups and the rest of the merely ample L map to the odd discriminant groups, by the analysis in Case (1a) of Proposition merely 6.7. But Cl(−4m/p).
We have h 2 (−4mp) = 2 ω(m)−1 and h 2 (−4mp) is either 2 ω(m)−1 or 2 ω(m)−2 , depending on whether p 2 |m or not. But if L ∈ NS(A m ) has degree p and is merely ample, then it is also not smooth, by Proposition The coset space Γ 0 (m)\Γ 0 (m/p) has size p or p + 1 depending on whether p 2 |m, and Aut(q) acts through a quotient of size at most 2. Thus the fibers of Ψ m,d above Cl(−4m/p) have size at least p/2 > 2. This shows that there are more than 2 ω(m)+1 degree p polarizations on A m , hence N va (A m , p) > 0, as desired. (2) Case: m odd and p divides m. Let f : A m → A 2m be any degree 2 isogeny. For example, let A 2m = E × E ′′ , where E ′′ = E ′ / P with P ∈ E ′ any point of order 2 and set
Proof of Theorem
By Theorem mainp 6.9, there exists a very ample line bundle M of degree p on A 2m . Then f * M ∈ NS(A m ) has degree 2p and is very ample by Lemma vapullback 2.8. When p = 3, there is no very ample M , for degree reasons. However, it is still true that there exists an M for which M.F > 2 for all elliptic curves F ⊂ A 2m . This is enough for the proof of Lemma Assume now that (p, m) = 1. We will construct a very ample L on A m of degree 2p using the 2-isogeny f : A m = E × E ′ id×μ m/2 −→ E × E m/2 = A m/2 . Let M ∈ NS(A m/2 ) be smooth of degree p and satisfying M.F = 2 for some elliptic curve F ⊂ A m/2 which is abstractly isomorphic to E m/2 . The existence of such an M follows from the proof of Proposition oddm 6.4. By Proposition ECs 4.6, we may choose α ∈ Aut(A m/2 ) such that 7 Here and in some other cases, we leave the details for the case p = 3 to the reader. α * F = {0} × E m/2 . Set g = α • f , so that g : A m → A m/2 is a 2-isogeny. We have g * F = v and g * v = 2F . Thus, On the other hand, g * M is smooth because M is smooth. So if g * M is not very ample, then there exists an elliptic curve F ′ ⊂ A such that (g * M.F ′ ) = 2 and so (M.g * F ′ ) = 2. Note that g * F ′ is an elliptic curve for otherwise it is twice an elliptic curve and this would contradict the smoothness of M . By Lemma We write λ 0 : E 2 → E ′ for the unique map satisfying λ = λ 0 • λ 2 , i.e. λ 0 is a minimal isogeny connecting E 2 and E ′ . By Proposition
